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Abstract
Usage of the lattice Boltzmann method (LBM) has been extended to analyze radiative transport problems in an absorbing, emitting and scattering medium. In terms of collision and streaming, the present approach of the LBM for radiative heat transfer is similar to those being used in fluid dynamics and heat transfer for the analyses of conduction and convection problems. However, to mitigate the effect of the isotropy in the polar direction, in the present LBM approach lattices with more number of directions than those being used for the 2-D system have been employed. The LBM formulation has been validated by solving benchmark radiative equilibrium problems in 1-D and 2-D Cartesian geometry. The number of iterations in the LBM has been found to be much more than the FVM.
However, computationally the LBM has been found to be much faster than the FVM. eq -equilibrium
Introduction
Consideration of volumetric radiation is important in many high temperature thermal devices and processes [1, 2] . Design of boilers, furnaces, internal combustion engines and insulations are some of the systems which require a correct analysis of thermal radiation [1, 2] . Analysis of phase change process of semitransparent materials such as glass and semiconductor materials requires knowledge of the volumetric radiation [3] [4] [5] [6] . Correct estimates of volumetric radiation is also important in weather forecasting which relies on atmospheric radiation budget [7] and medium characterization of an optically participating medium like human tissue and laser surgery of a human organ [8] [9] .
Radiative transport through a participating medium is a volumetric phenomenon [10, 11] .
Unlike conduction and convection modes of heat transfer which depends on spatial and temporal dimensions, an analysis of radiation involves an additional three dimensions, viz., two angular dimensions (polar and azimuthal angles) and one spectral dimension. A mandatory consideration of two angular dimensions in all problems except the simplest case of the planar geometry in which case radiation is azimuthally symmetric and thus it depends only on the planar angle, the problems are difficult to analyze. In a conductionconvection and radiation problem, it is the computation of radiative component that is the most time consuming. This excessive computational time in the computation of radiative information is for the reason that apart from covering all the spatial grid points in the solution domain, intensities at every grid point need to be traced from their points of origin in the enclosure to the grid point under consideration. At every grid point, intensities are spanned over the 4π spherical space. A method becomes computationally more expensive if for a given number of control volumes, it requires more number of discrete directions.
The available numerical radiative transfer methods such as the flux method [10, 11] , the zonal method [10, 11] , the spherical harmonics method [10, 11] , the discrete ordinates method (DOM) [12, 13] , the discrete transfer method (DTM) [14] [15] [16] , the collapsed dimension method [17] and the finite volume method (FVM) [18] [19] [20] , in some form or the other, aim at minimizing the angular dependency of radiation in their formulations. Since the angular dependency can not be fully eliminated, a method which is less prone to ray effect and is compatible to other CFD solvers such as the finite difference method (FDM) and the FVM for solving the combined mode problems in simple to complex geometry are the most desirable ones. Among the existing numerical radiative transfer methods, the FVM [18] [19] [20] is the most robust one. This is not only for the reason that the development of the FVM is the latest in the series, but for the very reason that it adopts the same principles of the FVM that have been widely used in the analysis of fluid flow and heat transfer problems. Further, unlike the DOM [12, 13] , the FVM is fully conservative. In this, the ray effect is the minimal. However, even with the FVM, radiation still remains a computationally expensive component. Therefore, search for a computationally more efficient method still continues.
The lattice Boltzmann method (LBM) [21, 22] is a relatively new computational tool which has found widespread applications in science and engineering. This method is viewed as a potential versatile CFD tool. Since in the LBM, processes are localized, it is well suited for a parallel architecture.
In the recent past, the LBM has been applied to a large class of fluid flow and heat transfer problems [22] . Application of the LBM to solve energy equations, in particular by means of the so-called passive scalar approach [23] [24] [25] [26] [27] [28] , has been known for quite some time.
This has essentially been the simplest approach in which the temperature is treated as a passive scalar, which is diffused and moderately advected by the flow velocity. This particular approach has been adopted to analyze several thermal problems [23] [24] [25] [26] [27] [28] that involved computations of the density, velocity and temperature fields caused by convection and/or conduction heat transfer. Those studies, did not consider the effect of volumetric radiation which is an important component in high temperature applications.
Recently, Mishra and co-workers [6, 20, [29] [30] [31] [32] have extended the application of the LBM to formulate and solve energy equations of heat transfer problems involving thermal radiation. However, in such problems, the volumetric thermal radiation was always computed using the conventional numerical radiative transfer methods such as the DOM [12, 13] , the DTM [14] [15] [16] , the collapsed dimension method [17] and the FVM [18] [19] [20] .
The previous studies [6, 20, [29] [30] [31] [32] have shown the superiority of the LBM over the FDM and the FVM to solve the energy equations of heat transfer problems involving thermal radiation. However, in none of the previous studies, the computation of radiative information, which is the main time consuming component, has been computed using the LBM, and thus, the usage of the LBM for the analysis of radiative transport problems has not been investigated before. Further, in the combined mode problems studied in references [6, 20, [29] [30] [31] [32] , the computational grids of the conventional radiation solvers such as the DTM [14] [15] [16] , the DOM [12, 13] , the FVM [18] [19] [20] , etc., have always been different from the lattices of the LBM. Thus, the radiative information computed using these methods required to be interpolated to the lattice nodes that required an additional computational step.
Having seen the success in implementation of the LBM to a wide range of fluid flow and heat transfer problems, this work aims at investigating its usage to compute radiative information in a participating medium. In the present work, the LBM formulation is developed for a 2-D rectangular geometry, and by stretching one of its dimensions, the same is tested for the 1-D planar geometry also. Heat flux and temperature distributions are computed for different values of the extinction coefficients, and they are compared against the results obtained using the FVM. A comparison of the numbers of iterations for the converged solution and the CPU times of the LBM and the FVM is also presented.
Formulation
Let us consider a 2-D rectangular enclosure as shown in Fig. 1 . The gray and homogeneous participating medium is absorbing, emitting and scattering. The south boundary of the enclosure is at temperature S T and it is the source of radiation in the medium. The other three boundaries are cold. All four boundaries are diffuse and gray.
The medium temperature is unknown and the thermal equilibrium in the system is only by radiation.
The radiative transfer equation in any direction ŝ is given by [10, 11] 
where i I is the intensity in the discrete direction i and analogously for the transient equation [11] , namely
where c is the speed of light.
All radiative transfer methods, viz., the DTM, the DOM, the FVM, that use the ray tracing, work with a finite number of intensities. Thus, in their formulations, assumption of some kind of angular isotropy is mandatory. In the proposed LBM, we simulate radiative energy in terms of particle distribution functions (PDFs) which carry radiative energy to the neighboring lattices only in some discrete directions. For imposing the condition of isotropy in the polar direction and then in the 2-D plane, for streaming the PDFs only in the finite discrete directions, while computing the heat flux, we apply a weight to all the intensities in the discrete directions i which is spanned from 0 to 2π (Fig. 2) . The same thing we do while calculating the incident radiation in which case, the weight is different from that for the calculation of heat flux.
As shown in Fig. 2 
where the velocity i e r propagates information along the lattice link i and M is the total number of discrete directions in the solution plane. The assumption i e c = means that the fictitious speed of light is tuned, along each discrete direction, in such a way to fit the considered computational lattice. In this way, the real transient description given by Eq. (3b) is lost, but an effective numerical tool is obtained for solving steady state problems.
Integrating Eq. (4) along the characteristic directions and keeping constant the right hand side during the discretization step (piecewise constant approximation of the integrand), the following equation is derived
In the LBM, information exchange takes place by collisions among PDFs. After collisions, they relax towards the equilibrium state and then carry the information to the neighboring lattice nodes in the directions of their propagations. From the initial condition, evolution to the steady-state takes place through multiple collisions and propagations which are highly influenced by the relaxation time. Thus, in the LBM, the relaxation time to reach the equilibrium state is an important parameter, and it tells how strong the diffusion process is.
In Eq. (5), the last term on the right hand side is the collision term and the coefficient β i e can be interpreted as a proper relaxation frequency for the radiation intensity along the i-th direction. Hence it is possible to introduce a relaxation time i τ which is given by
It is to be noted that the extinction coefficient β is the reciprocal of the mean free path of radiation in the medium, and 1 β causes a similar kind of dissipative effect to radiation as is done by momentum diffusivity (kinematic viscosity) υ in the treatment of viscous flows and thermal diffusivity α in the analysis of conduction heat transfer. The key difference here is that i τ is a straightforward function of the transport coefficient β , which is already defined in the original physical problem given by Eq. (2), and hence there is no need to introduce any asymptotic expansion technique (e.g. Chapman-Enskog). Moreover, even though different i τ are used for different azimuthal directions, this formulation is still substantially based on a single-relaxation-time approach, because the differences among i τ are due to differences among the magnitudes of the lattice velocities i e , which are purely geometrical parameters prescribed by the considered lattice. Summarizing, the relaxation 
In Eq. (7), the equilibrium PDF ( ) eq I is computed from the following
where gi w is the weight corresponding to the discrete direction i . It is computed from the
It is to be noted that the angular regions of influence of all the PDFs i I are not the same. In the D2Q8 lattice in which the 2π angular space is discretized into 8 divisions (Figs. 2 
3)
where
is the speed and it has been assumed that . x y ∆ = ∆ It is to be noted that the directions 1-8 correspond to the D2Q8 lattices, 1-16 correspond to the D2Q16 lattice and for the D2Q32 lattices, the directions are 1-32. It is to be further noted that in the D2Q32 lattice, 5 different energy shells exist, and for directions 1, 5, 9, 17 and 18, the magnitudes of the propagation velocities are , 2, 5, 10 U U U U and 13 U , respectively. In general, this means that we can express the magnitude of the lattice velocity as 
Eqs. (6) - (8) combined with Eq. (11) describe the evolution of the PDFs on the lattice.
From the view point of the solution procedure, the algorithm can be split into two steps, viz., collision and streaming, and they are given by Eqs. (14a) and (14b), respectively.
Results and Discussion

Error Analysis
Before reporting the performance of the proposed approach in solving some test cases, a general error analysis for the LBM scheme is discussed. Essentially the error analysis aims to investigate the dependence of the numerical error of the proposed scheme with regards to the main discretization parameters, namely mesh size and adopted lattice.
Let us combine Eq. (4) (18) where γ E is a constant due to the fact that the polar angle is not actually discretized. The first term at the right hand side of the previous equation is exactly the quadrature reported in Eq. (8) . However the error analysis applied to the equilibrium term given by Eq. (16) reveals that the previous quadrature is first order with regards to the subdivision i δ ∆ of the azimuthal angle considered by the lattice and it implies a fixed error with regards to the polar discretization (as expected). This means that, since the proposed approach lies on the 
is assumed constant (due to stability constraints). The left hand side and the first term on the right hand side represent exactly the proposed numerical scheme given by Eqs. (7, 8, 9) . Hence the error analysis allows one to prove that
Few considerations immediately follow. It is evident from the previous expression that the dependence of the global error on the discretization parameters is not trivial. In fact, improving the discretization of the azimuthal angle, i.e. reducing . Hence there is a trade off between the accuracy of the advection step and that of the collision step, which both affect the global error.
Secondly, in order to recover the minimum error, i.e. γ E , the azimuthal discretization must be chosen accordingly to the mesh discretization, i.e. . This may be sometimes unpractical, because it would require increasing the number of the lattice velocities when refining the spatial mesh. However even though it is unpractical, it represents the right framework for validation purposes.
Thirdly, the integration along the characteristics by keeping fixed the right hand side of Eq. is small enough to achieve a stable solution with acceptable accuracy. Hence it is possible to define a radiation Knudsen number as β
In the following simulations, the spatial discretization has been chosen in such a way that the Knudsen number is smaller than a threshold value that ensures stability and accuracy of the solution, namely
2-D Rectangular Enclosure
In the following pages, we validate the present LBM formulation. For the purpose of validation, results of the standard FVM are considered benchmark [11] . In particular, the FVM code of the second co-author (SCM), which has been used for various problems, was used in the present work for generating the FVM results. Both the LBM and the FVM are iterative methods. The LBM on one hand solves even a steady-state problem in a transient mode with an imposed initial condition. The FVM proceeds to solve the same by starting from a guess value, and as the number of iterations proceeds, the solution approaches convergence. Thus, both the LBM and the FVM require a convergence criterion on one of the evolving parameters. In the present work, this was set on the incident radiation, and when between the two successive iterations, the maximum change in incident radiation at any point was less than Table 1 : in particular, the dimensionless total heat flux along the south wall (Table 1a) ; the mean temperature of the medium inside the enclosure (Table 1b) It is obvious from these figures that both in the LBM and the FVM, results improve by increasing the number of directions.
In the LBM formulation, from D2Q16 to D2Q32, not much improvement is observed. In the FVM, this trend was observed when the number of directions was increased beyond 8 16 × .
1-D Planar Medium
Having In combined mode problems like the natural convection in a cavity [32] , with increase in Rayleigh number, the requirement of computational nodes/lattices increases drastically. For all the situations, the LBM results were in good agreements with the FVM results, with the exception of small boundary effects. The number of iterations and the CPU times in the LBM and the FVM were also compared. The LBM was found to take more iterations than the FVM. However, computationally the LBM was much more efficient than the FVM. By increasing the number of lattices in the LBM, the number of iterations was found to increase drastically, but the CPU time as still found much lower.
The present work being the first on implementation of the LBM to radiative transport problems, a further careful look is needed to study the methodology to improve its accuracy and to test it for other types of problems, especially the combined mode problems which are computationally very expensive. Work in this direction is underway. Tables   Table 1: Comparison between LBM and FVM results for 
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